We investigate the ergodic properties of the discrete time evolution of a particle in a two-dimensional torus with velocity in the unit square. The dynamics consists of free motion for a unit time interval followed by a baker's transformation of the velocity.
INTRODUCTION
We are interested in the ergodic properties of dilute gas systems. These may be thought of as Hamiltonian dynamical systems in which the particles move freely except during binary "collisions". In a collision the velocities of the colliding particles undergo a transformation with "good" mixing properties (cf. Sinai's study of the billiard problem 1). To gain an understanding of such systems we have studied the following simple discrete time model: The system consists of a Single particle with coordinate 2: = (x,y) in a two-dimensional torus with sides of length (Lx, and "velocity" u = (v x ' v) , in the unit square Vx EO L 0,1], Vy EO [0, 1] . The phase space r is thus a direct product of the torus and the unit square. The transformation T which takes the system from a dynamical state (1:,11) at "time" j to a new dynamical state T(r., 11) at time j + 1 may be pictured as resulting from the particle moving freely during the unit time interval between j and j + 1 and then undergoing a "collision" in which its velocity changes according to the baker's transformation, i.e., UT(j) = qJ 0 T. Our interest lies then in the ergodic properties of T and in the spectrum of U T • We note first that the transformation B on the velocities is, when taken by itself as a transformation of the unit square with measure d12, well known to be isomorphic to a Bernoulli shift. It therefore has very good mixing properties. The isomorphism is obtained by setting 00 v = L 2-j u., 
ERGODIC PROPERTIES
The ergodic properties of our system which combines B with free motion turn out to depend on whether L;1 and L:/ satisfy the independence condition (I), nxL;/ + nyL-:} i Z for nx and ny integers unless nx = ny = O. (1) Theorem 1: When (I) holds, the spectrum of Up on the complement of the one-dimenSional subspace generated by the constants, is absolutely continuous with respect to Lebesgue measure and has infinite multiplicity.
It follows from Theorem 1 that when (I) holds the dynamical system (r, T, IJ.) is at least mixing. We do not know at present whether it is also a Bernoulli shift or at least a K system. 
By straightforward computation,
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(where this equation defines 0!7), 
Thus, for most of the terms in the product, 0!1 (37 1, and the number of terms is n -const for large n. In particular, if we put
(by our fundamental assumption),
for all sufficiently large n,
we have as desired.
The fact that the multiplicity is infinite is trivial.
We have L2(dv) c L2(drdv), and we already know that the spectrum U T restricted to L2(dy) has infinite multiplicity.
To obtain a proof of Theorem 2, we note that ergodicity is equivalent to
For qJ or orthogonal to the constants we must then have Cesaro convergence to zero when the system is ergodic. We prove that the system is nonergodic by finding cp or orthogonal to the constants such that the above integral converges (strictly) to a nonzero number.
Let nX,n y be such that nx/Lx + n/L y E Z and nx and ny are not both 0, and let kx = 21Tnx/ Lx, ky = 21Tny/ L y • We set qJ = = qJo. k and compute as before the relevant integrals:
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for l> 0 and vanishes for 1 ::; 0, and
for l < n and vanishes for l 2: n.
We thus have found that o
We now assert that (for k" + k y E 1TZ)
This is verified by observing that the log (!!) coverage to a finite limit, thus completing the proof.
(If k" and k are such that some of the terms at the beginning of the series which one obtains from the log are singular, one easily removes the difficulty by an appropriate change in the functions qJ and >J1 introduced at the beginning of the proof of Theorem 2. We also note that for the case where L,,/ Ly is rational we can find explicitly a nonconstant function f which is left invariant by U T' From the fact that U B (v" + 2v ) = 2v x + Vy it follows that f (x -y -v" -2v ) 
